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A B S T R A C T  

The Bishop-Phelps Theorem asserts that the set of functionals which 
attain the maximum value on a closed bounded convex subset S of a 
real Banach space X is norm dense in X*. We show that this statement 
cannot be extended to general complex Banaeh spaces by constructing a 
closed bounded convex set with no support points. 

I n t r o d u c t i o n  

If S is a subse t  of a Banach  space X ,  then  a nonzero funct ional  ~ E X* is a 

s u p p o r t  func t iona l  for S and  a po in t  x E S is a suppor t  po in t  of S if ]~(x)] = 

supy~s  I~(Y)]. 
In  1958 [4] Vic tor  Klee asked if each closed b ounde d  convex subse t  of a Banach  

space mus t  have a suppo r t  point .  

In  1961 E. Bishop  and  R. R. Phe lps  in thei r  fundamenta l  p a p e r  [1] proved 

t h a t  the  set of suppo r t  funct ionals  for a closed bounded  convex subse t  S of a 

real  Banach  space  X is no rm dense  in X*,  thereby  verifying Kiee ' s  conjecture .  

T h e y  also showed t h a t  the  same theorem is t rue  if the  set S is the  uni t  bal l  

of a complex  Banach  space. The  na tu r a l  quest ion of whether  this  s t a t e m e n t  is 

t rue  in a complex.  Banach  space for any  closed bounded  convex subse t  was left 

open  since then  [6]. In  1977 Jean  Bourga in  [2] proved the  r emarkab le  resul t  

t h a t  the  B i s h o p - P h e l p s  Theo rem is correct  if a complex  Banach  space X has the  

R a d o n - N i k o d y m  proper ty .  
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In this note we construct a complex Banach space X and a closed bounded 

convex subset S of X such that  the set of the support points of S is empty. 

This shows that  in general Banach spaces the complex version of Klee's Con- 

jecture is false. In particular, it means that  the Bishop-Phelps Theorem cannot 

be extended to Complex Spaces. 

I am indebted to Professor Joe Diestel for helpful conversations concerning the 

subject of this note. 

The  counterexample  

Let 7-/~ be the algebra of analytical functions bounded on the open unit disk 

with the norm Ilfl] = SUpzez~ [f(z)l and with the identity function E. Each point 

z E 7) defines a point evaluation functional ~z (f)  = f(z). It is well known that  

? / ~  may be identified with the dual space of some Banach space X such that  

each functional Pz is an element in X [3]. We use the notation <, > to describe a 

scalar product between a Banach space and its dual. Let S be the closed convex 

hull of the elements {~z}. Then obviously for each point s E S and each function 

f E 7_/oo we have 

(1) 

and 

(2) 

Ilsll 1, (s, E> = 1 

sup l(s, f)l = Ilfll- 
sES 

LEMMA i: Suppose that f e ~ and llfrl <- 1. Then either f = AE, IN = 1 or 

(3) lira (s, fk) = 0 
k---}oo 

for any point s E S. 

Proof: Suppose that  f ~ AE. Since finite convex linear combinations of point 

evaluations are dense in the set S and the sequence {fk} is bounded by norm we 

need only consider the case 
n 

S = E O~i(flz~ 
i = 1  

n 
where ai  _> 0 for all i and ~ i=1  ai  = 1. Put  O = supl<i< = [f(zi)[. Then 

[(s, fk}[ ~_ ~ ai[fk(zi)[ (_ Ok ~-~ [ai[ = O k. 
i----1 i---=1 

Since [[f[[ < 1 the maximum modulus principle implies that  0 < 1, which implies 

(3). . 
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LEMMA 2: Suppose there exists an element s E S and a function f E 7~ ~ such 

that (s, f )  = Ilfll = L Then 

(4) (s, fn)  = 1 

for any positive integer n. 

Proof." Let M be the space of maximal ideals of the algebra 7 /~  and let C(M) 

be the algebra of all continuous functions on M with the sup-norm. The algebra 

7-/~176 is a Banach subalgebra of the algebra C(M).  Let g be a norm preserving 

extension of the functional s onto the space C(M).  By the Riesz theorem there 

exists a regular Borel measure d~, on M such that  the equality 

(s,g) = / M g d V  

holds for any function g E 7-/~. The conditions (1) imply that  fM dlv[ -< 1 and 

fM d~ = 1. It means that  the measure d~ is a nonnegative probability measure 

on M. This implies that  the function f is equal to the identity function on the 

support  of the measure du, which implies (4). I 

THEOREM 1: Suppose that the modulus of the functional g C 74. ~ attains its 

maximum on the set S. Then there exists a complex number ~" such that g = ~E. 

Proof: There exists an element so E S such that  

I < so,g > I = supl < s ,g > I. 
sES 

From (2) we have that  I < so,g > [ = Ilgll. I f g  is the zero function, then we can 

put c~ = 0. If g is a nonzero function, then there exists a complex number ~ such 

that  < so, Ag > =  I]Agi] = 1. Put  f = ~g. Then (4) and Lemma 1 implies that  

f = 7 E  and g = Af = ATE. I 

So the line a E  in 7-/~ is the set of all support functionals for the closed bounded 

convex subset S in the predual space X of 7 /~ .  

Let ~0 be the point evaluation at 0 and let L be the line in X generated by 

~0. Let X1 be the quotient space X / L  and ~rl: X --+ X1 be the corresponding 

quotient map. The dual space X~ is the annihilator ~ of the vector ~0 in the 

space X* which is the hyper-plane H ~  of all functions in H ~ vanishing at 0. 

Put  $1 = ~rl (S). Then obviously the set $1 is closed bounded and convex. 



28 v. LOMONOSOV Isr. J. Math. 

THEOREM 2: The set of support points of $1 is empty. 

Proos Since the equality < 7rl(S),f > = <  s , f  > holds for any point s E S 

and any functional f E ~0 x, Theorem 1 implies that  the only possible support  

functional for the set $1 is a functional AE. Since < g)0, E > =  1, the line AE has 

zero intersection with the subspace ~0 x. 

For this reason the only one functional which attains a maximum modulus on 

the set $1 is the zero functional and the set of support points of the set $1 in the 

predual to the space H ~  is empty. II 
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